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Abstract—The present paper is devoted to the investigation of the effect of liquid encapsulation on the

Marangoni convection in its inner columnar liquid layer under a microgravity condition. The asymptotic

solution of the mathematic model established in the paper was obtained for the immiscible axisymmetric

coaxial liquid columns contained between planar faces. Numerical simulation based on the asymptotic

solution was carried out. The main influence factors on the process were discussed in detail. It is found

that proper selection of the related parameters will result in a remarkable reduction of the Marangoni
convective flow. Copyright © 1996 Elsevier Science Ltd.

INTRODUCTION

It is well known that thermocapillary (or Marangoni)
convection induced by the gradient of surface tension
as a function of temperature plays an important role
under a microgravity condition where the buoyance-
driven convection is negligible. In order to grow high
quality large sized crystals a technique called liquid
encapsulation was developed in which a two layer
liquid system will be involved. Compared with the
case of single layer, the two layer system is much more
complicated because the continuity conditions must
be satisfied at the interface between two immiscible
fluids. In refs. [1-6] Marangoni convection in multi-
layer system was studied from different angles.
However, a more thorough investigation on the inter-
action between two liquid layers is still an open prob-
lem which is urgent, not only from viewpoint of theor-
etical study, but also from the practical applications.

PHYSICAL AND MATHEMATICAL MODEL

Consider two immiscible axisymmetric coaxial
liquid columns contained between planar faces with a
distance L apart, as shown in Fig. 1. Let R, and R, be
the radius of the inner and the outer liquid columnar
surface. The liquid is an incompressible Newtonian
fluid of density p;, thermal diffusivity «;, thermal con-
ductivity 4, kinematic viscosity y; and dynamic vis-
cosity v; (i=1,2 for liquid 1 and liquid 2, respec-
tively). The liquid-liquid interface 1 and liquid—gas
interface 2 are assumed to be undeformable. The
endwalls at z = + L/2 are maintained at temperature

1 Author to whom correspondence should be addressed.

T. and T;. Let § be a measure of the temperature
gradient along the liquid—gas interface 2. The outer
liquid 2 is surrounded by a passive gas having neg-
ligible density and viscosity. The interfaces 1 and 2
possess surface tension ¢, and ¢,, respectively. The
law of surface tension vs temperature is assumed to
be linear

6, =00~ 7:(T;—T)
with Ty =(1/2) (T, + T)(i=1,2) (1)

in which a,, and o, is the surface tension of interface
1 and interface 2 at temperature Ty, y; is the variation
rate of surface tension with temperature 7, where i = 1
for the liquid-liquid interface and i = 2 for the liquid—
gas interface. Gravity is assumed to be absent.

Under conditions assumed before, the steady axi-
symmetric motion of liquid 7 is governed by the fol-
lowing equations :

1
; (rui)r + W, = 0 (23)
1 2 2
Uity + Wi, = — ;pir +vi (VP —1/r")y; (2b)
1 2
UWi +Ww,, = — ;p.-z+v,~V Wi (2¢)
Ty +wT, = KiV2 T; (2d)

here, the Laplacian operator is shown by

1o @ i

2 29,9\, Y

V= r (7r<r 6r>+ 0z*
p; (i = 1,2) is the liquid pressure for liquid 1 and 2,
respectively ; u, and w; are the velocity components of
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A aspect ratio, Ry/L

Bi Biot number, AR,/ 4,
integrate constant

h heat transfer coefficient
L length of liquid bridge

Ma  Marangoni number, 7,8R3 /1, k-
R, inner layer radius
R, outer layer radius

Re Reynolds number, 3, SR3 /- v+

T, gas temperature

T. temperature at cold planar face

T, temperature at hot planar face

w* reference axial velocity

a radius ratio of inner and outer liquid
columns

14 dimensionless pressure

r dimensionless radial coordinate

u dimensionless radial velocity

component for ith layer
dimensionless axial velocity
component for ith layer

NOMENCLATURE

- dimensionless axial coordinate.

Greek symbols

B temperature gradient along z
coordinate

3 surface-tension temperature coefficient

K thermal diffusivity

/. thermal conductivity

u dynamic viscosity

v kinematic viscosity

I density

a surface tension

@ any physical variable.

Subscript
S for single layer.

Superscript
* physical property ratio of liquid 1 to
liquid 2.

liquid / in the directions (#,z), respectively, and the ey . 0T, af
cylindrical coordinate system is shown in Fig. 1. sub- e, T ()
scripts denote the partial differentiation.
Equations (2a~d) are subject to the following ow, ‘_1“_; . Gj
.. ) Wy =257 = =% 3 (3g)
boundary conditions: or or oz
No-slip and isothermal conditions considered at the o .
rigid endwalls On the liquid—gas interface r = R,
1 uy =0 (3h)
::»7/L: w=w,=0 T,=T, (3a)
z O éTs .
By~ = —727=7 (31
] O oz
::—;L w=w,=0 T,=T,. (3b)
) N ) G
e Ay = 2 — L,2)].
On the liquid-liquid interface 1. » = R, * or - !
u, =0 (3c) The thermal condition (3j) presumes that the air
. (3d) temperature 7,(z) is known and that the heat trans-
: - . ported at the liquid—gas interface can be described by
T =T, (3e) using a heat-transfer coefficient 4.
Liquid 1 Liquid 2 f Gas
\__/
T=T, K T=T,<Th
\
R; R,
) ¥ A
_L L
2 Interface 1 Interface 2 2

Fig. 1. Physical model.
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At both ends, x = + (L/2),

1 1
Ta<§L>= Tc Ta<‘—‘§L>= Th. (3k,l)
The physical quantities are bounded at r = 0 as

r=0: wu,w,p, T, < 0. (3m)

The velocity field must also satisfy the conditions:

Rl
J wirdr=0 (3n)

0

RZ
J wyrdr =90

R,

(3p)

which follows from the fact that no net mass fiow into
or out of the liquid column exists.
Introduce the following primed quantities :

z=Lz" r=R,r' w,=ww; u =Aw,u;
oL

(=" T Ty = LT, @
2

where A is the aspect ratio, i.e.
R,
L

and the characteristic velocity w, derived from the
balance of condition (3i) as

- 28R,

* [25]

Then, with the primes dropped conventionally, the
dimensionless equations can be written as:

1
;(rul)r+wlz =0 (5a)

A*Re(uyuy, +wiu,,)

1 u,
- * 42 _r
i (um+ ,

-4 +A2um) (5b)
r
ARe(u,w, +w,w,.)

1 Wi,
- ;;pl:+v*<wlrr+ —rl— +A2W|z:> (5¢)

Tr
AMa(ulTlr_*'wlle) = K*<T1n+ rl +A2T12:>

0<r<a) (5d)
1
~(ru2), s = 0 (50)
A® Re(uyz, + waty.)
= —pat At = M) (D)
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ARe(uywy, +wyw,.)

Wa,
= —py.+ <w2rr+ TZ +A2 WZ::) (Sg)

T,

AMa(u, Ty, +w,T5.) = Ty, + p +A*T,..
(a<r<l (5h)
1
z=i5 uy=w, =u,=w, =0 (6a—d)
1
I=T,= +§ (6e, )
r=a u =0 (6g)
Wy = w, (6h)
T,=T, (61)
oT, 0T, .
1 _ T2
or or (63)
ow, 1 ow,  y*aT
o W o W (6
r=1 u,=0 6l)
dw, 0T,
o - (6m)
0T2 .
~ % = Bi(T,~T,) (6n)
r=0 wu,w,p,T) <w® (6p)
J wirdr=0 (69)
1]
1
‘[ wyrdr =0, (6r)

The dimensionless numbers in equations (5) are
defined as follows:
Reynolds number Re

Re = W R, _ VzﬁR%
Vi HaVa
Marangoni number Ma
Ma Wy R, _ 78R3
Ky 12519
Biot number Bi
hR,
Bi = —=
i 7

Superscript stands for the physical property ratio
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of liquid 1 to liquid 2. (e.g. u* = p,/u,), and symbol

v* is defined as 7* = 7, /v..

ASYMPTOTIC SOLUTION
With restrictions of Ma and Re by

Ma,Re = 0(4 ")

we write all unknowns ® in powers of 4 as follows:

O =b,+ 4D, +0(4%).

(7)

By substituting equation (7) into equations (S5) and
(6) and posing the limitation 4 — 0. we obtain the
following system of equations at the leading order as:

1
;("“m )t wor- =0
Por, =0

] 1
— S Poi-FWaor,+ —we, =0
u ’

1
Tm,r*‘ ’ Tmr =0

|
;(VH(J:)F’F”'U:; =0

Po2r =0
1
—Po2: Wi+ ;W(l:r =0

]
Tu:m + ;Tn:,- =0

r=a: uy =0
Wy = Wyo
Ty, = Tn: =T,
ot ol
s CTor _ CTos
or cr
Cwg I Gy : T,
cr u* ar wr oz
r=1: uy, =0
cwy Ty,
o e
or -
R
Ty, . N
- o Bi[T,» — T,(2)]

r=0: up.wopor. Tor < x

u
J wy rdr =0

0

|
wy,rdr = 0.

i

(8a)

(8b)

(81)

(8g)

(8h)

(9a)
(9b)
{(9¢)

(9d)

(9¢)

(9f)

(92)

{(9h)

(9i-1)

(9m)

(9n)

From equations (8) and the conditions (9) we
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obtain the leading-order solution to express the vel-
ocity components. Here primes denote the differ-
entiation with respect to z.

Finally, we obtain the expressions of the velocity
components u,, Wo;, 4y, and wy, at leading order as a
function of parameters u*, y* andafor0 < a < 1 as:

1

Uy = —— S 5 -

2__1 2
8;4*[11“— (ﬁ?i ~4az+4lna+3J

*

X {[cﬁ —da*lng—1—(a’ —4a* +4dalna+3a),*]r

1 ) .
+ —[-a*+4d’ Ina+ 1+ (o —4d*
a:

+ 4alna+3a)y*]r"}T;’(z) (10a)

!

Wy = "

2_1 2 B s
4#*[’14* (a/’ui ,4a3+4lna+3]

*

x %[~a“‘+4a2 Ina+1+(a" ~4¢' +4an a+3a)y*]

2 .
+ = [a*~4a’ Ina—1—(a" ~4d’
a’

+4alna+3a)y*]r2}T.f, (10b)
1
Uy> =~ . B
. la=1)" s
2 a*— ~ - —4a"+4ina+3
i
4 (14 4 l ¢
x| —a lna+;;lna+§a 27~lna

i a? at 1 a’
41 ——‘l 4 42
+La na e na+4'u* 2a +2a e

a @ o |1
+ ﬁﬂﬁln(l—% Y ;

L L)
+[04~2a3~ %_)(EL) +l}rlnr

*

W, ., o 1 a’
+4 200 — ——4lna—2+ —~ ,lli*
F,,‘i, NE3 r} T// 10
,U* 7 a ( C)
I 4
Wy = = - — ~da*lna
. a1y s
a*'———F—-—4a’+4ina+3
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a4 4 2 1 1

—Ina— a+§a—+a2 2 4t
n L 7

aS
X <Z —a lna+ = *)

Jal=@)a+y) +1]ln

[2(1 — ———4lna

11 )
—2+E—F(a3——a)y*:|r2}Ta. (10d)

Here primes denote the differentiation with respect
to z.

The flow-induced temperature distribution can be
expressed as:

T, ~ Toy + AT, = T, + AMa

c% 1,
><|:4K*<1—Er +C

T, = To+AT),

IE][T;(Z)]2 (11a)

Oa
Cr e sz

=T, +AMa|: 4 —=(nr—1r?
Cg; 4 1T ’ 2
+ 16 +CiTInr+CI [Ti(2))? (11b)
where
con —a*+4a* Ina+1+ (@’ —4a’ +4alna+3a)y*
n = > 2
-1
4#*[“ (@ o @1y —4a° +4lna+3]
(11¢)
ct =
4 4 a2
4 4 2
a‘lna——Ina 4—*—a +a —ﬁ
1(ad a@ 3a
[ | — - *
+Ina H*+H*<4 a’ lna+ ) 4)v
2_1 2
G - ) 4a® +41Ina+3
(11d)
2_1 %*
—a“+2a2+——-a(a )*(aﬂ)
ch = 2 (11e)

_ 2
at— (a ) —4a* +4Ina+3

1 a 1 1
5[2612 — E —4dalna—2+ E - E((ﬂ ——a)y*:l
% =

(@-1*

a* -
u

—4g’ +4Ilna+3

(11f)
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ClT= ——2C°“+£C°a+£(lna—l)C°“
127 Tttt rbn 4 22
16c 14+ ClTlna+C!T  (11g)
o=~ Ly +£(1—21na)C°“—a—4C°“
21 — 2 21 4 22 4 23
(11h)

1/2 1/1 )
Cy = —Z<E+1>C3?+Z<E+1>C2‘;

1/4
16<B +1>c —CiT. (1)

When a = 1, the model will be reduced to a single
layer. Hence, a comparison with the result of Xu and
Davis [6] for single layer liquid bridge can be made, it
is not difficult to get:

1/1
Wo1 =§<5 -rz)T; (12a)
1 3 73
Ugy = —g(r—r )T, (12b)
and similarly,
/1 L\,
Woa =—2' E-r Ta (120)
1 3 "
Upy = —-g(r—r )T, (12d)

COMPUTATIONAL RESULT OF AXIALLY
HEATING

For the case where the liquid columns are heated at
the left and cooled at the right, assuming a linear
distribution of temperature for the gas, the radial vel-
ocity u,, of the inner layer and uy, of the outer vanish,
whereas the axial velocity wy, and wy, are functions of
parameters u*, y and a. We particularly focused our
attention on the average axial velocity Wy, of the inner
layer as defined by

1 a
Woi =‘J [woi|dr.
ajo

In order to compare with the result for a single
layer, the scale variable of velocity must be unified for
both cases, such that

w, = 28R, (13)
Ha

while the dimensionless average axial velocity for
single layer should be expressed as
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R R T | 4
MVS-»EJOE<E—V> r. (1 )

We obtain the following calculating results :

(1) The axial average velocity of the inner layer
(abbreviated by average velocity) decreases mono-
tonously with the increasing viscosity ratio u*. The
variation of parameters y* and « gives no change to
such a tendency, but causes the value to be different,
as shown in Fig. 2(a,b). Under conditions 7* = |,
a = 0.5 and p* selected to be 0.1, 1, 10, respectively,
the average velocity w, = 0.027, 0.013, 0.002 and
w, = 1.0417, 0.10417, 0.010417, so the flow will be
weakened by 97.5%. 87.5% and 80.8%, respectively.
as compared with that for a single layer.

(2) The change of the average velocity w,, with +*
for three assigned values of ¢* and « is shown in Fig.
3. It is seen that the average velocity decreases first
until it reaches its minimum point, and then increases
with y*. The value of 7* at the minimum point shows
a little change with p*.but it decreases with the in-
creasing ¢. For pu* = 1 and ¢ = 0.5, at the minimum
point 1* =~ 0.6, we have W, = 0.0133, the flow velo-
city reduces 92.4% as compared with w, = 0.173616.

(3) The change of average velocity with ¢ at three
assigned values of u* or y* is shown in Fig. 4. It is
known from Fig. 4(a) that there are minimum and
maximum points on the ¥, -« curve, whereas in Fig.
4(b) the minimum point will disappear as the absolute
value of y* increases to a certain value. It seems that
the influence of y* on W, is rather strong.

Under conditions u* = 1.7* = [ and ¢ = 0.995, the

i
05 §(a) o y¥=-5
. t‘ Ayiel
04 % * =7
'3° 03 |-
0.2 \
01} %*
5\3\ St
0
0 1 2 3 4 s 6 7 8 9 10
u*
0.030
(b) 0a=02
0.025 A2a=05
0.020 »*»a=038
& 0015 ™,
X
0.010 |- \._\
*\*\
0.005 - I G, LI
0!
0 1 2 3 4 5 6 7 8 9 10
p*
Fig. 2. (a) Variation of average axial velocity of inner layer
with u* for y* = —5,1,7 and ¢ = 0.5. (b) Variation of aver-
age axial velocity of inner layer with u* for 7* =1 and
a=0.2,0.508.
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0.5

04

0.3
S
E

Fig. 3. (a) Variation of average axial velocity of inner layer

with y* for u* = 0.1, 1, 10 ¢ = 0.5. (b) Variation of average

axial velocity of inner layer with y* for yu* =1 and a = 0.2,
0.5,0.8.

0.005 0.185 0.365 0.545 0.725 0.905
0.30 :
0.25
0.20
|§ 0.15
0.10
0.05
0005 0185 0365 0545 0725  0.905
a

Fig. 4. (a) Variation of average axial velocity of inner layer

with ¢ for p* = 0.1, 1, 10 and y* = 1. (b) Variation of aver-

age axial velocity of inner layer with a for y* = 1 and y* =
-5 1.7

average velocity Wy, = 0.0004645, so the flow is weak-
ened by 99.7% as compared with w, = 0.1511314.

(4) In Fig. 5 the distributions of the axial velocity
in the vertical section going through the axle center
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-1.0 e
081 (a)
06
04
02+
[ (] ot
0217 o p*=01
04— A u*=1
061" wp*=10
08
Lok

-1.0
-0.8
-0.6
-0.4
-0.2
= 0
0.2
04
0.6
0.8
1.0

Fig. 5. (a) Axial velocity profile for p* = 0.1, 1, 10, y* =1
and a = 0.5. (b) Axial velocity profile for u* = 1, y* = —35,
1,10 and a = 0.5.

line are shown for the inner and outer layers, respec-
tively. It is seen from the figures that the velocity
at the interface decreases with increasing y* and the
variation of the inner velocity tends to be smooth so
that the flow is weakened. The liquid flow velocity
at the free surface (interface 2), corresponding to its

-1.0
-0.8
-0.6
-04
-0.2
- 0
0.2
04
0.6
08
1.0

OO vy
-0.002 -0.001 0
(T-T,)/AMa
-1.0 A
08} (© o™
-06
0.4
0.2
[ or
02
0.4
0.6
0.8

Li i

ox*=0.1
AK¥=1
* x*=10 On,

| | | |

0008 -0006 -0.004 -0002 O
(T-T,)/AMa

)

T

'ﬁ-u’oo

1.0
-0.010 0.002
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maximum value, increases slightly with increasing u*.
The radial liquid velocity gradient near the free surface
is not obviously affected by u*. It can also be seen
from the figures that there are two cells (with regard
to the upper half of the section) occurring in the outer
layer when p* is small. By increasing the value of u*
the cells near the interface become weaker and finally
vanish, thus the flow turns to the single cell flow. From
the maximum velocity on the curves, it seems that the
affect of y* on the strength of the liquid flow is much
stronger than parameter u*, and the value of y* will
determine the number of cells in the outer layer (there
is only one cell in the inner layer). Two cells occur
when 7* is positive and less than a certain value. The
change of the sign of y* will result in the change of
the flow direction. With regard to the upper half of
the section, y* changes from negative to positive and
will lead to a change of the flow direction of the fluid
in the inner layer from clockwise to counter clockwise.

(5) Figure 6 shows the flow-induced temperature
distribution. The curves of temperature distributions
for y*=k*=Bi=2a=1 and selected values
u* = 0.1, 1, 10 are drawn in Fig. 6(a). The lowest
temperature occurs at the axle center. The change of
temperature in the inner layer along the radial direc-
tion tends to smooth as u* increases. Parameter u*
shows a stronger effect on the temperature of the outer
layer near the interface than onto the neighbour of
the free surface 2, which is consistent with the flow
field. The temperature distribution will become
smooth as the absolute value of y* is small, cor-
responding to the weak flow case, whereas the tem-

10 '
0015 0010  -0.005 0 0.005  0.001
(T-T,)/AMa
-1.0 A
-
081 (d) a—na—0"""
u’
06 A
04 o
02k uuaug o Bi=0.1
' a® ABi=1
(= or F
0.2 L, 0” »* Bi=10
- n
04} On,
0.6 (2
08 e
1.0 L ! 1 D~nn
. -0.003 -0.002 -0.001 0
(T-T,)/AMa

Fig. 6. (a) The profile of flow-induced temperature distribution for u* = 0.1, 1. 10; y* = k* = Bi = 2a = 1.

(b) The profile of flow-induced temperature distribution for y* = —5, 1, 7; p* = k* =Bi =2a = 1. (¢)

The profile of flow-induced temperature distribution for k* = 0.1, 1, 10; u* = y* = Bi = 2a = 1. (d) The
profile of flow-induced temperature distribution for Bi = 0.1, 1, 10; p* = y* = x* = 2a = 1.
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perature distribution shows an M-shape as the absol-
ute value of y* getting larger. The extreme occur at
the interface as well as the axle center, as shown in
Fig. 6(b). Figure 6(c) shows the temperature dis-
tributions for x* = 0.1, 1, 10 and u* =y* = Bi =
2a = 1. It is seen that the temperature distribution in
the outer layer does not influenced by x*, whereas
in the inner layer it increases with increasing x*,
and the variation of temperature tends to smooth.
Figure 6(d) shows the temperature distribution
for Bi=0.1, 1, 10 under condition u* = y* =
k* =2a = 1. Bi has no affect on temperature dis-
tribution for both inner and outer layers.

CONCLUSIONS

(1) A mathematic model to describe the behaviour
of the thermocapillary flow of two immiscible axi-
symmetric coaxial liquid columns is proposed as equa-
tions (5) and (6).

(2) An asymptotic solution valid for 4 >0 is
obtained for the flow and thermal fields, emphasizing
the dependence of radial and axial velocity and tem-
perature distribution on property ratios of the two
liquid layers, and the radius ratio of them.

(3) An axially heated example shows that effective
reduction of the convection in the inner layer can be

M. Ll and D. ZENG

achieved through decreasing liquid viscosity of the
outer layer, choosing a proper ratio of interface ten-
sion to free surface tension and thinning the encap-
sulation layer.
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